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Abstract
We will provide a family of continued fractions for which there is no correspondence
between dynamic and approximation pairs, leading to an anomaly in their corre-
sponding Spaces of Jager Pairs.
1 Introduction and preliminaries
Associated with every continued fraction expansion is its Space of Jager Pairs, used in
assessing the approximation quality for its convergents [3]. In this paper, we will examine
the one parameter family of continued fractions
[a1, a2, ...]k :=
k
k + a1 +
k
k+a2+...
, an ∈ Z≥0, 0 < k ∈ R,
introduced in [4], was also studied extensively in [1, 2]. Letting x0 := [a1, a2, ...]k leads to
the definitions of the convergents p0
q0
= 0
1
and
pn
qn
:= [a1, a2, ..., an]k =
k
k + a1 +
k
k+a2+...+
k
k+an
, n ≥ 1.
Define the future and past of x0 at time n ≥ 1 to be xn := [an+1, an+2, ...]k ∈ (0, 1) and
yn := −k − an − [an−1, an−2, ..., a1]k ∈ (−∞,−k] (we take y1 = −k − a1) and call the pairs
(xn, yn) the dynamic pairs of x0 at time n. The pair of consecutive terms (θn−1(x0), θn(x0))
in the sequence of approximation coefficients {θn}∞0 :=
{∣∣∣x0 − pnqn ∣∣∣q2n}∞0 is called the ap-
proximation pair of x0 at time n. There is a correspondence between these pairs, which
was established by Haas and Molnar in [4, Theorem 4], who proved that (θn−1, θn) is the
image of (xn, yn) under the bijective map
Ψk(x, y) :=
(
1
x− y ,−
xy
k(x− y)
)
. (1)
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We will prove that there is no such bijection when 0 < k < 1 and, consequently, that
the formula for the Space of Jager Pairs for these continued fraction expansions does not
follow suit with the k ≥ 1 cases.
2 The space of Jager Pairs when k is less than one
For all k ∈ (0,∞) and a ∈ Z≥0 define the region P(k,a) := (0, 1) × (−k − a − 1,−k − a]
and P#(k,a) := Ψk(P(k,a)). The continuity of the map Ψ provides us with the partition Γk =
Ψk(
⋃
Pa) =
⋃
Ψ(Pa) =
⋃
P#a . To find P#a , we will use the following propositions:
Proposition 2.1. [1, Proposition 3.1]
If Ψ is injective on P(k,a), then P
#
(k,a) is the quadrangle with vertices
(
1
k+a
, 0
)
,
(
1
k+a+1
, k+a
k(k+a+1)
)
,(
1
k+a+2
, k+a+1
k(k+a+2)
)
and
(
1
k+a+2
, 0
)
.
Proposition 2.2. Ψ is injective on the region {(x, y) ∈ R2 : x + y < 0} and is invariant
under the reflection about the line x+ y = 0.
Proof. The equality Ψ(x, y) =
(
1
x−y ,− xyk(x−y)
)
= Ψ(−y,−x) proves the first statement. Let
(x1, y1) and (x2, y2) be points which are on or below the line x + y = 0, so that x1 + y1 ≤
0, x2+y2 ≤ 0 and let u1, v1, u2, v2 ∈ R be such that (u1, v1) = Ψ(x1, y1) = Ψ(x2, y2) = (u2, v2).
Then the definition of Ψ (1) implies that 1
x1−y1 = u1 = u2 =
1
x2−y2 , hence
x1 − y1 = x2 − y2 6= 0. (2)
Also
−u1
k
x1y1 = v1 = v2 = −u2
k
x2y2 = −u1
k
x2y2
and u1, u2 > 0 imply that x1y1 = x2y2, so that
(x1 + y1)
2 = (x1 − y1)2 + 4x1y1 = (x2 − y2)2 + 4x2y2 = (x2 + y2)2.
Since x1 + y1 ≤ 0 and x2 + y2 ≤ 0, this last equation proves x1 + y1 = x2 + y2, which in
tandem with condition (2), proves x1 = x2 and y1 = y2, hence Ψ is injective on or below
the line x+ y = 0.
These propositions proves that when k ≥ 1, the Space of Jager Pairs
Γk := {(θn−1(x0), θn(x0))}x0∈(0,1)
is the convex quadrangle with vertices (0, 0) ,
(
1
k
, 0
)
,
(
1
k+1
, 1
k+1
)
and
(
0, 1
k+1
)
.
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P0ðP1ðP2ð
Γk when k ≥ 1
When 0 < k < 1, Ψ is injective on P(k,a) precisely when a > 0. In order to finish the
characterization of the space of approximation coefficients for these cases, we prove:
Theorem 2.3. When 0 < k < 1, P#0 is the intersection of the unbounded regions uk + v <
1, v > 0, (k + 1)2u+ kv > k + 1, u+ kv < 1 and 4kuv ≤ 1.
Proof. Let (u, v) := Ψ(x,−k − a). From the definition (1) of Ψ, we obtain
u =
1
x− y =
1
x+ k + a
(3)
and v = − xy
x−y so that
v = − xy
k(x− y) =
u
k
x(−y) = u
k
(
1
u
− (a+ k)
)
(a+ k) =
a+ k
k
(
1− (a+ k)u). (4)
After restricting P0 to its part on or below x + y = 0, we are left with the region whose
boundary is the 5-gon with vertices (k,−k), (1,−1), (1,−k), (1,−k − 1), (0,−k − 1) and
(0,−k), which includes the part of its perimeter, which is the open line segment connect-
ing the first vertex to the second vertex. We will use these formulas to evaluate the image
of each open line segment in this 5-gon under Ψ.
1. When y = −k, we obtain that u ranges between 1
k
and 1
2k
as x ranges between 0 and
k. Plugging a = 0 to formula (4) yields that the line segment (0, k)× {−k} in the xy
plane maps to the open segment in the line uk + v = 1 between the points
(
1
2k
, 1
2
)
and
(
1
k
, 0
)
on the uv plane
3
Avraham Bourla
2. Plugging x = a = 0 yields that the line segment {0} × (−k − 1,−k) in the xy plane
maps to
(
1
k+1
, 1
k
)× {0} on the uv plane.
3. The line segment (0, 1)×{−(k+1)} in the xy plane maps to the open segment of the
line (k + 1)2u+ kv = k + 1 between
(
1
k+1
, 0
)
and
(
1
k+2
, k+1
k(k+2)
)
on the uv plane.
4. Plugging x = 1 and a = 0 yields that the line segment {1} × (−1,−(k + 1)) in
the xy plane maps to the open segment of the line u + kv = 1 between the points(
1
k+2
, k+1
k(k+2)
)
and
(
1
2
, 1
2k
)
on the uv plane.
5. Finally, if y = −x then u = 1
x−y =
1
2x
hence x = 1
2u
and v = −u
k
xy = 1
4ku
. Thus the
line x + y = 0 in the xy plane is mapped under Ψ to the hyperbola 4kuv = 1 in the
uv plane. The points (1,−1) and (k,−k) map to (1
2
, 1
2k
)
and
(
1
2k
, 1
2
)
under Ψ, so that
the open segment of the line x + y = 0 from (1,−1) to (k,−k) maps to the open arc
on this hyperbola from
(
1
2
, 1
2k
)
to
(
1
2k
, 1
2
)
.
Since Ψ is a continuous bijection on and below the line x + y = 0, it maps the interior
and boundary of this 5-gon bijectively into the interior and boundary of the region in
the uv plane whose boundary we have just determined and which coincides with the
hypothesis. Using proposition 2.2, we know that the part of P0 which is above the line
x+ y = 0 has the same image under Ψ as its reflection about this line. Since this reflection
is also contained in P0, we conclude that P0 is mapped in its entirety onto this region, thus
concluding the result.
Corollary 2.4. When 0 < k < 1, the Space of Jager Pairs is the region in the uv plane which
is the union of the quadrangle vertices (0, 0) ,
(
1
k
, 0
)
,
(
1
k+1
, 1
k+1
)
and
(
0, 1
k+1
)
and the part
of the hyperbola 4kuv = 1 in the uv plane between u = 1
2
and u = 1
2k
.
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